Growth, heterogeneous technological interdependence,

and spatial externalities: Theory and Evidence™

K. Miranda, M. Manjén-Antolin, and O. Martinez-Ibanez

QURE-CREIP Department of Economics, Rovira i Virgili University

Abstract

We present a growth model with interdependencies in the heterogeneous technological
progress, physical capital and stock of knowledge that yields a growth-initial equation
that can be taken to the data. We then use data on EU-NUTS2 regions and a correlated
random effects specification to estimate the resulting spatial Durbin dynamic panel model
with spatially weighted individual effects. QML estimates support our model specification
against simpler alternatives that impose an homogeneous technology and limit the sources
of spatial externalities. Also, our results indicate that the level of GDP per capita of the
European regions is mainly determined by its unobserved heterogeneity and that of its
neighbours, its past GDP per capita, and the current and past GDP per capita of their

neighbours.
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1 Introduction

Historically, the empirical economic growth literature consisted mostly of “aspatial empirical
analyses that have ignored the influence of spatial location on the process of growth” (De Long
and Summers, 1991; Fingleton and Lépez-Bazo, 2006, p. 178). In the last two decades, however,
a number of studies seek to incorporate “spatial effects” in the standard (i.e., non-spatial)
economic growth models. In particular, the idea that the spatial location of an economy may
drive its economic growth has been developed using models of absolute location, which account
for the location of one economy in the geographical space, and models of relative location,
which account for the location of one economy with respect to the others. Econometrically,
these two types of models are closely related to the concepts of spatial heterogeneity and spatial

dependence (Abreu et al., 2005).

Although spatial heterogeneity is usually associated with parameter heterogeneity (see e.g.
Ertur and Koch, 2007; Basile, 2008), the most common approach in the literature is to allow
for unobserved differences using panel data (Islam, 1995; Elhorst et al., 2010). Also, knowledge
spillovers are the main mechanism employed to incorporate interactions between economies into
the Solow-Swan neoclassical growth model (Lépez-Bazo et al., 2004; Egger and Pfaffermayr,
2006; Pfaffermayr, 2009, 2012). It is interesting to note, however, that these two streams of the
literature have developed rather separately. Notable exceptions include Elhorst et al. (2010),
who consider the extension of the model proposed by Ertur and Koch (2007) to panel data;
Ho et al. (2013), who consider an ad-hoc extension of the model proposed by Mankiw et al.
(1992) that includes a spatial autoregressive term and a spatial time lag term; and Yu and Lee
(2012), who, using a simplified version of the technology assumed by Ertur and Koch (2007),
derive a growth model with spatial externalities based on the model of Mankiw et al. (1992).
This paper aims to contribute to this limited literature by considering a growth model with
spatial heterogeneity and spatial externalities that nests the models introduced by Islam (1995),
Lépez-Bazo et al. (2004) and Ertur and Koch (2007).

To be precise, we present a growth model with interdependencies in the (heterogeneous)



technological progress, physical capital and stock of knowledge.! The basic framework is similar
to that of Ertur and Koch (2007), but we consider additional sources of externalities across
economies. While they assume that the technological progress depends on the stock of physical
capital and the stock of knowledge of the other economies, we also consider the role of both the
physical capital (Lépez-Bazo et al., 2004; Egger and Pfaffermayr, 2006) and the (unobserved)
initial level of technology (De Long and Summers, 1991; LeSage and Fischer, 2012) of the
other economies. Moreover, we do not assume a common exogenous technological progress but
account for heterogeneity in the initial level of technology, which here is interpreted as a proxy

for total factor productivity (Islam, 1995).

Having presented our model, we then derive the steady-state equation and a growth-initial
equation that can be taken to data. This is where the generality of our model comes at a
cost, since not all the parameters of interest are identified (a limitation that also arises in the
benchmark model of Ertur and Koch 2007). In essence, we cannot separate the (direct) effect
that, as an input of the production function, the stock of physical capital has on the output from
the (indirect) effect that it has as a driver of the technology (or we cannot separate the effect
that the own stock of physical capital has on the output —via the technology— from that of the
neighbouring economies). This means that, although the models of Islam (1995), Lépez-Bazo
et al. (2004) and Ertur and Koch (2007) are nested in ours, we can only statistically reject the
validity of that of Islam (1995) and Lépez-Bazo et al. (2004). Still, we argue that simple changes
in the model specification (e.g., introducing the stock of physical capital lagged one period in
the technological progress, rather than using its current value) and/or appropriate restrictions
on the set of parameters (as e.g. Ertur and Koch 2007 do) may address this limitation. We
illustrate our argument by constraining some of the parameters to be consistent with either the

model of Lépez-Bazo et al. (2004) or that of Ertur and Koch (2007).

The econometric specification of the resulting growth-initial equation corresponds to the
spatial Durbin dynamic panel model (see also Elhorst et al., 2010; Yu and Lee, 2012; Ho et al.,
2013), but with spatially weighted individual-specific effects. Thus, given the obvious interest

Tt is worth noting that the model can easily be extended to incorporate the role of human capital (Lépez-
Bazo et al., 2004; Fingleton and Lépez-Bazo, 2006). We leave this issue for future research.



in distinguishing the individual effects from their spatial spillovers, we resort to a correlated
random effects specification (Miranda et al., 2017a,b). In particular, we estimate our growth-
initial equation by Quasi-Maximum Likelihood (see also Lee and Yu, 2016) using EU-NUTS2
regional data from Cambridge Econometrics. We use regional data because, as Lépez-Bazo
et al. (2004, p. 43) argue, once it is taken on board that “[e]Jconomies interact with each other
(...), linkages are [likely] to be stronger [between close-by regions| than across heterogeneous

countries”.

We find evidence of “observed” technological interdependences in the output per capita
of the EU regions, that is, a positive and significant impact of the level of technology of
the neighbouring regions. However, there is also evidence of “unobserved” technological
interdependences in the EU regions (i.e., spatial contagion in the “unobserved productivity”
accounted for the individual effects of the model). In particular, estimates of the individual
effects and their spatial spillovers indicate that the richest (poorest) EU regions are likely
to stand rich (poor) because of their higher (lower) “unobserved productivity” and/or higher
(lower) spillovers. Lastly, our simple identification strategy produces estimates of the implied
parameters that support our model specification against that of Islam (1995) and Lépez-Bazo
et al. (2004). However, our results are unclear about what technology, the one assumed by

Lépez-Bazo et al. (2004) or that assumed by Ertur and Koch (2007), fits the data better.

The rest of the paper is organised as follows. In section 2 we present the model. In section

3 we discuss the data and the estimation results. Section 4 concludes.

2 The Model

2.1 Technological interdependencies in growth

Our starting point is the Solow growth model originally proposed by Mankiw et al. (1992)
using cross-section data and extended later by Islam (1995) to panel data (see also Barro and

Sala-i-Martin, 2003). Let us then consider a Cobb-Douglas production function for region 7 in



time ¢:

}/;t = AitKngt_a7 (21)

where Yj; denotes output, K;; physical capital (« is thus the capital share or output elasticity
parameter), L; labour, and A; technology. All the variales are in levels and there are constant
returns to scale in production. Also, while output, capital and labour are typically assumed to
be observable, technology is assumed to be (partially) unobservable. Mankiw et al. (1992), for

example, assume that In A = a + ¢, where a is a constant term and ¢ is the standard i.i.d error.

For the purposes of this paper, a major feature of this model is that technology is
assumed to grow exogenously and at the same rate in all regions. This rules out the
existence of knowledge spillovers arising from technological interdependences between the
regional economies. However, accounting for technological interdependences and knowledge
spillovers is critical when analysing how “the relative location of an economy affects economic
growth” (Elhorst et al., 2010). In the literature, depending on whether knowledge spillovers turn
out to be “local” or “global” (Anselin, 2003), we find two main approaches to the introduction

of spatial externalities in the Solow growth model.

On the one hand, Lépez-Bazo et al. (2004) and Egger and Pfaffermayr (2006) consider
growth models where the knowledge spillovers are local in nature, in the sense that they
are limited to the neighbouring regions (at least initially).” To be precise, in Lopez-Bazo
et al. (2004) technology is assumed to depend on both the physical and human capital of the
neighbouring regions, whereas in Egger and Pfaffermayr (2006) is assumed to grow exogenously
and at the same rate in all regions (as in Mankiw et al. 1992 and Islam 1995), so that the
externalities arise from the assumption that total factor productivity depends on the capital-
labour ratio of the region and the spatially weighted capital-labour of the other regions. Ertur
and Koch (2007), on the other hand, assume that the technological progress of an economy
depends on the stock of physical capital per worker in that economy as well as the stock
of knowledge of the other economies. More specifically, they assume that the technology of

an economy is a geometrically weighted average of the technology of the other economies,

2See also Fingleton and Lépez-Bazo (2006), Pfaffermayr (2009) and Pfaffermayr (2012).



thus making knowledge spillovers to spread over all the regions (and hence become “global”).
However, it is still assumed that “some proportion of technological progress is exogenous and

identical in all countries” [p. 1036].

In this paper, we extend the model of Ertur and Koch (2007) by introducing spatial
dependence in the stock of capital, as well as heterogeneity and spatial dependence in the
exogenous technological progress (while holding the assumption that the technological progress
of an economy depends on the stock of knowledge of the other economies). In this vein,
our assumed technology combines the alternative sources of spatial externalities considered in
models of relative location with the unobserved heterogeneity that characterises the models of
absolute location (Abreu et al., 2005). In particular, our model shares with that of Ertur and
Koch (2007) the main source of parameter heterogeneity. Namely, the speed of convergence
to the steady state, as discussed below. Yet we eventually estimate a constrained version in
which the speed of convergence is identical for all economies (Elhorst et al., 2010; Yu and
Lee, 2012). In particular, the econometric specification corresponds to a variant of the spatial
Durbin dynamic panel model recently considered by Lee and Yu (2016) that includes not only
individual-specific effects but also their spatial spillovers (Miranda et al., 2017a).?

Next we derive our empirical specification, which adopts the form of a growth-initial
equation. To a large extent, our approach follows the steps of Ertur and Koch (2007). In
particular, we first discuss and motivate the assumed technology, then we obtain the output

per worker equation at the steady state, and finally the growth-initial equation.

2.2 Technology

K

Let us denote by €2;; the exogenous technological progress and by k; = the level of physical

it
capital per worker (of region 7 in period t). Ertur and Koch (2007, p. 1036) assume that the

3 As Basile (2008, p. 532-533) points out, “the local Spatial Durbin Model (...) proposed by Ertur and Koch
(2007) is a general and flexible specification, since it allows identification of both spatial-interaction effects and
parameter heterogeneity (...). In essence, this is the model considered here. The global Spatial Durbin Model
(...) represents a less general specification, because it imposes the restriction of parameter homogeneity”. In
essence, this is the model we estimate. Lastly, “[t|he model proposed by Lépez-Bazo et al. (2004) (..) imposes
a further restriction on the parameters since the spatial lags of the structural characteristics of the regions are
not included” (this also applies to the model proposed by Egger and Pfaffermayr 2006).



technology of region ¢ in period ¢ is given by

N

An = Quk, [T A, (2.2)

J#i
where “the parameter ¢ describes the strength of home externalities generated by physical
capital accumulation” (0 < ¢ < 1) and “the degree of [regional] technological interdependence
generated by the level of spatial externalities is described by 4" (0 < < 1). Notice that the
spatial relation between region ¢ and its neighbouring regions is represented by a set of spatial
weights or “exogenous friction terms” w;;, with j = 1,..., N, that are assumed to satisfy the
following properties: w;; = 0if ¢ = j, 0 < w;; < 1, and Zwij =1fori=1,...,N. Lastly,
Ertur and Koch (2007) assume that ; = Q; = Q¢ expézzt), where p is the constant rate of
growth of the exogenous ];cechnological progress. Therefore, the technology eventually assumed
is Ay = Qo exp(,ut)k:ﬁ H A;;U v,
J#

However, as previously pointed out, there are alternative approaches to the inclusion of
knowledge spillovers in the Solow model. In a series of papers, Lopez-Bazo et al. (2004, p. 46),
Egger and Pfaffermayr (2006), Fingleton and Lépez-Bazo (2006) and Pfaffermayr (2009, 2012)
argue that the physical (and human) capital may be an alternative source of externalities, “[t|he
reasoning behind such spillovers [being] basically the diffusion of technology from other regions
caused by investments in physical (...) capital”. In mathematical terms, such a technology may

adopt the following functional form:

N
Ai = Qu—g exp(put) H ki, (2.3)

J#i
where, for the sake of comparability, we have used the same notation as in 2.2. However,
the interpretation of the parameter v (“assumed to be positive”) is different here, for it now
“measures the [strength of the| externality across economies” originated from variations in
physical capital (Lépez-Bazo et al., 2004; Fingleton and Loépez-Bazo, 2006, p. 46). It is also

important to stress that these papers maintain the assumption of an homogeneous exogenous



technological progress growing at a constant rate, i.e., Q; = Qu—¢ exp(ut).

Our assumed technology features those displayed in 2.2 and 2.3. However, we depart
from these studies in the assumptions they made with respect to the exogenous technological
progress. First, they assume that it is homogeneous across regions. However, as Mankiw et al.
(1992, p. 6) point out, “the ;_o term reflects not just technology but resource endowments,
climate, institutions, and so on; it may therefore differ across countries”. In line with this
argument, we introduce regions’ heterogeneity into the definition of the exogenous technological

progress by assuming that Q;; = Qi exp(ut).* (Lee and Yu, 2016; Miranda et al., 2017a).

Second, as Islam (1995, p. 1149) points out, €2, “is an important source of parametric
difference in the aggregate production function across [regions]”. Econometrically, it can be
interpreted as an individual-specific effect (possibly correlated with some of the covariates in the
initial-growth specification eventually derived). Economically, it is “a measure of efficiency with
which the [regions] are transforming their capital and labor resources into output and hence
is very close to the conventional concept of total factor productivity” [p. 1155-1156]. This
interpretation is behind our second departure from the models of Lépez-Bazo et al. (2004),
Ertur and Koch (2007) and others, since opens the door to consider productivity spillovers as
an additional source of spatial externalities (LeSage and Fischer, 2012; Miranda et al., 2017b).
As De Long and Summers (1991, p. 487) point out, “it is difficult to believe that Belgian
and Dutch or US and Canadian economic growth would ever significantly diverge, or that

substantial productivity gaps would appear within Scandinavia”.

All in all, a production technology that may account for these alternative sources of spatial

dependence is the following:

N N N
Ay = Qu H Q;y;wij kﬁ H k;y:wij H Ajjfwij (2.4)
JF#i JF#i JFi

with € = Q0 exp(ut) and €;9 non-observable (which is why €;; does not have a coefficient in

4 Alternative ways of modelling the exogenous technological progress are Qi = Qy—¢exp(p;t) and Q; =
Q0 exp(u;t). However, these proposals would considerably increase the number of parameters of the model
(by more than N, since it can be shown that the balanced growth rate becomes heterogeneous too) and make
identification difficult, if not impossible



2.4). Notice that —1 <3 <1 and v, > 0 play the same role as v in 2.2 and 2.3, respectively,
whereas 71, can be interpreted as the degree of technological interdependence generated from
the (unobserved) productivity spillovers. In particular, notice that ;3 = ¢ = 72 = 73 = 0 would
lead us to the model proposed by Islam (1995), 71 = ¢ = 73 = 0 (and possibly 72 # 0) to the
model proposed by Loépez-Bazo et al. (2004), and 71 = 75 = 0 (and possibly ¢ # 0) to the
model proposed by Ertur and Koch (2007). However, as shown by Miranda et al. (2017a), the
fact that v, # 0 cannot be used to discriminate between these models because they are actually
observationally equivalent. Moreover, as discussed below, the parameters ¢ and v, may not be
identified. Therefore, whereas a test of 73 = 0 suffices to support our model specification (if
rejected) against that of Islam (1995) and Lépez-Bazo et al. (2004), discriminating empirically
between our model and that of Ertur and Koch (2007) requires of additional identification

. . |4
conditions.”

2.3 The production function

In order to obtain the explicit form of the Cobb-Douglas production function in 2.1 given our

assumed technology, let us consider 2.4 expressed in logs and matrix form:

A=Q4+1WQ+ ok + Wk + WA
= (I — W) Q451 (] = W) W+ G — W) +72(] — W)Wk (2.5)

where the parameters 1, 72 and =3 have been previously described, A is the N x 1 vector of
logarithms of the technology, €2 = Qy + tyut is the N x 1 vector of logarithms of the exogenous
technological progress with Q = (InQy0,...,In Qo)  and ¢ty being a N x 1 vector of ones, k is
the N x 1 vector of of logarithms of the capital per worker, and W is the N x N spatial weight

matrix that describes the spatial arrangement of the regions.

®We return to this issue in section 3.1, where we discuss simple identification strategies for the growth-initial
equation we eventually estimate.



(r)

Le us now denote by w;;” the row ¢ and column j element of matrix W". Notice that, since

N oo N oo N oo
Ay =3 % gl Wt on Y0 Y du n+ 03 0D g Ik
j=1 r=0 j=1 r=0 j=1 r=0
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(@ O
by using H Q .. = and H k:i =k

Jj=1 Jj=1
Also, let us now define u;; = a+¢+ (M) Z ’ygwg) and u;; = (M) Z ’ygwg),
3 r=1 73 r=1
: Py3 + 72 ¢+ 7 :
with u; + U4 u;; =a+ ¢+ ——— = a+ ——. Then, given that y; = A;kj,
; T Z ’ L —7s 1 =3 ! Hht

1+(<wg+(w;>(qﬁr)a—¢>) N WZZHUW N y

o Y3+72 Y3+72 Uig i

Yir =y H Q4 ki H ki (2.6)
JF#i J#i

Notice that “this model implies spatial heterogeneity in the parameters of the production
function”, a feature shared with that of Ertur and Koch (2007, p. 1037). Also, in contrast to
the local contagion models of Lopez-Bazo et al. (2004) and Egger and Pfaffermayr (2006), both
ours and that of Ertur and Koch (2007) are models of global contagion (Anselin, 2003). We
differ, however, in that whereas in their case there are no (global) spatial externalities unless

v3 # 0, there still are here if either v; # 0 or 72 # 0 (albeit of a local nature). This is because



our model features both global and local contagion. We also differ in that it is no longer the
case that “if there are no physical capital externalities, i.e., ¢ = 0, we have u; = o and u;; = 0,
and then the production function is written in the usual form” (as in e.g. Mankiw et al. 1992

and Islam 1995). As previously pointed out, here we further require that 4, = 75 = 73 = 0.

2.4 The Steady State equation

To derive the equation describing the output per worker of region ¢ at the steady state,
we proceed in the following way. First we rewrite the production function in matrix form,
y = A+ ak, and substitute the technology by its expression in 2.5. We then pre-multiply both
sides of the resulting equation by I — v3W to obtain (provided that v3 # 0 and 1/v3 is not an

eigenvalue of W)
Yy=Q+nWQ+ (a4 @)k + (72 — ays) Wk + Wy (2.7)

Lastly, we replace in this equation the log of the capital per worker in region ¢ by its log value at
the steady state, In k},. To this end, we start by noting that the evolution of capital is governed

by the following dynamic equation:
kz’t = SYit — (nz + 5)]% (2-8)

where the dot over a variable denotes its derivative with respect to time, s; is the fraction of
output saved, n; is the growth rate of labour, and ¢ is the annual rate of depreciation of capital
(common to all regions). Given that production shows decreasing returns to scale, equation

2.8 implies that the capital-output ratio is constant and converges to a balanced growth rate

k; : : 1
g defined by -2 = lnyy = Inky = g = n{d+m) (see appendix A). Also, it

kit (l=mp)l-a)—¢—
can be shown that, given a balanced growth rate g and 2.8 (see e.g. Barro and Sala-i-Martin,

10



2003), i and Inkf =Iny’, +In (S—) 8

yzt:nﬁ—é—i-g ni+6+g

What is thus left is to introduce in 2.7 (rewritten for economy ¢ rather than in matrix form)
the expression obtained for the log of the capital per worker in region i at the steady state.
In doing so, we obtain the equation describing the output per worker of region i at the steady

state:

. InQy a—+ ¢ S;
lnyit_l—a—qﬁ—i_l—oz— ZwmanJt—l— R (ni+5+g)

Yo — QY3 (1—a73+72
i1
S (m+5+g)+ RN

(2.9)

Notice that this equation differs from that obtained by Ertur and Koch (2007) in two
main features (beyond the appearance of 75), reflecting ultimately differences in the assumed

technology. First, the heterogeneous exogenous technological progress, since §2;; is assumed to

_n
(1—a—9)

in their steady state equation because they assume that there are no spatial externalities in the

be €, in Ertur and Koch (2007). Second, the term Z w;; In Q;, which is missing

exogenous technological progress. More generally, these features of our model are also absent
in the above mentioned growth studies (Lépez-Bazo et al., 2004; Egger and Pfaffermayr, 2006;
Fingleton and Lépez-Bazo, 2006; Pfaffermayr, 2009, 2012).

k-
STt is also interesting to note that, if we compute the marginal productivity of capital, = =5 Z” (n;+9),
1t 1t

k.'t 1+( (ygty1)(ug;—o— ¢)) (v3+71)uqy N

. . . . . F L

using the expression defining y;; in 2.6, we obtain — = s;Q,, (Prat72) | I Q R ! | | k;t” —
' J#i J#i

< 1, there are diminishing returns to the capital, as in the model

(n; +g). Therefore, provided that o+ Qf + 72

3
of Ertur and Koch (2007, p. 1039). We differ, however, in that in our case it is not only the variations in capital
what make “the rate of growth [to vary and converge] to its own steady state”, but also the variations in the
exogenous technological progress.

11



2.5 The growth-initial equation

In the standard, non-spatial growth models (see e.g. Barro and Sala-i-Martin, 2003), the analog
of equation 2.9 gives an expression for the output per worker in the steady state that does not

depend on the output per worker in the steady state of the other economies (i.e., the term

(1 —a)y3+ 70
l—a—9¢

around the steady state using a Taylor expansion produces a growth-initial regression equation

N
Zwij Inyj, is missing). Thus, a log-linear approximation to the dynamics
j=1

that can be estimated using the appropriate method. In our case, however, this approach would
produce a rather complex system of first-order differential linear equations whose solution is not
directly estimable due to the presence of variables at the steady state (Egger and Pfaffermayr,

2006, for example, approximate them using a set of exogenous variables). In particular, a log

k.
linearisation of the marginal productivity of capital, k—”, around the steady state yields (see
it

appendix B)

k; al
k—; =g+ (ui — )(ni + 0+ g) (Ink;(t) — Ink}) + > wij(ni + 0+ g) (Inky —Inky,)  (2.10)
! J#i

Notice that this result coincides with the one obtained by Ertur and Koch (2007).

To tackle this issue, Ertur and Koch (2007) hypothesise that the differences between the
observed and the steady state values of the capital and output per worker across regions

correspond to the following expressions:

Inyy —Iny;, = 6; (Iny;, — Iny;,)

(2.11)
Inky —Inkj, = ®; (Ink;, — Ink7,)
This yields the following speed of convergence (see appendix C):
dtyt — g — A (Inyy —Iny) (2.12)

12



with

St (ni+g+6) 1
No= I — Y wi(nj + 6+ g)— (2.13)
> i ; Y ©;

Solving the differential equation in 2.12 for Iny; (see appendix D), evaluating the solution at

t =1o:

Iy, =g (ta—tie™7) —e M Inyy, + (1 — e 7) Inyj (2.14)
with 7 = t5 — t;. In particular, under the assumption that the speed of convergence is
homogeneous across regions (A; = A fori=1,--- N):

Iy, =g (t2 —tie™) —e My, + (1 — e ) Inyj, (2.15)

At this point it is convenient to write the previous expression in matrix form:
y(t2) =g (2 —t1e™™ ) in — (L= e ) y(t1) + (1 — e 7) y*(0) (2.16)

where y(t2) is a N x 1 vector containing the log of the outcome per worker at o, 1y is a N x 1
vector of ones, y(t1) is a N x 1 vector containing the log of the outcome per worker at ¢;, and
y*(0) is a N x 1 vector containing the log of the initial level of output per worker at the steady
state. The reason for this is that facilitates replacing y*(0) by 2.9 at t = 0, which, in matrix

form, is:

Yo — QY3
WS
l—a—2¢ l—a—9¢

(2.17)

y (0) = (I — pW)~! {;9(0) +— W) +

1 — ,
where p = (1= a)ys+ 7 and S = {ln (L)} .

Thus, we introduce 2.17 in 2.16 and pre-multiply both sides of the resulting equation by

13



I — pW to obtain:

y(t2) = g(1 = p) (ta — t1e™7) iy + 77 (1 = pW) y(tr) + pWy(t)

T 1 71 a+ ¢ Yo — QY3

(2.18)

Alternatively, we can rewrite this equation for country i as

N

In Yity = 6_/\7— In Yit, — p€_>\’r Z Wij In Yjitq + 1% Z Wi In Yijto
j=1 j=1

(1—e) (a+ o)
l—a—09¢

(1—e) (a+9)
+ l—a—2¢

1—e) (y2 — avs) 1—e) (75 — ays) &
+( 1_a_2 i walnsj ( 1—)a—2<;§ i Zwijln(nj+5+g)

(1—e) (IL=e?)m 71

+9(1 = p) (t2 — tre™")

Ins; — In(n; +9 + g)

J=1

(2.19)
3 Empirical results

3.1 DModel specification and identification strategies

To derive our econometric specification, notice that equation 2.19 (plus an i.i.d. shock ¢ and
under the assumption that the speed of convergence is identical for all the economies, \; = \)

corresponds to the spatial Durbin dynamic panel model with individual-specific effects and

14



their spatial spillovers:

N N

Yit = V1Yit—1 + 7o Z WiYji—1+p Z Wi Yt + Tin1 1+ Tira Bo
=1 =1

N N N
+ Z w,-jxjﬂgl + Z U)Z‘jx]‘tgeg + Hz + Z wijaj + ft + Eit (31)

where y; = Iny,,, Yit—1 = Iny,, zin = Ins;, e = ln(ni + 0 + g), Y1 = 67)‘77 Yo
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This means that equation 3.1 corresponds to the model specification discussed by Lee and Yu

(2016), except that their model does not distinguishes the spatial counterparts of the individual
N

effects. In other words, their individual effects correspond to m; + Zwijaj in 3.1. In fact, in
j=1
our model the individual effects and their spatial counterparts are proportional (by a rate ;).

This is therefore a particular case of the more general specification proposed by Miranda et al.

(2017a).

To distinguish the individual effects from their spatial spillovers, we assume a correlated
random effects specification for the individual effects (fz;) and their spatial spillovers (@;). This

means making use of the following correlation functions (Mundlak, 1978; Chamberlain, 1982):

T T
1 1
H; = ¢+ T (T Z%‘ﬂ) + T2 (T Zﬂﬁz‘tl) + Vi
=1 t=1
1« 1«
Q; = Ty, (?;mzﬂ) + Ta, (?;sz) + Vais

where ¢; is the constant term to be estimated, 7,1, 7.2, ma1 and m. are the parameters
associated with the period-means of the regressors, and v,; and v,; are random error terms

with E(v,;) = 0= E(va;), Var(vy) = ai, Var(vy) = o2 and Cov(Vyi, Vai) = Opai-

The last thing to notice about our econometric specification is that not all the implied
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parameters (p, \, «, ¢, 71, 72, 73, and In ) are identified. To be precise, we do obtain a
direct estimate of p from 3.1 and can easily obtain an estimate of A\ from 7;. Further, we
can obtain an estimate of vy by regressing @; on p,. These parameters are thus identified. In
contrast, we cannot obtain a single estimate of «y3 (since this requires p, 77, 51 or B2, and 6; or 65)
and In Qo (since this requires 77, 7i; and ; or [33) because these parameters are overidentified.
Also, we cannot identify a, ¢ and v (only a + ¢ and v, — a7s). The under-identification
problem here, as previously pointed out, is that we cannot separate the effect that, as an input
of the production function, the stock of physical capital has on the output (i.e., ) from the
effect that it has as a driver of the technology (i.e., ¢). Neither can we separate the effect that
the own stock of physical capital has on the technology and, subsequently, the output (i.e.,
¢), from that of the neighbouring economies (i.e., 75). Still, there are ways to circumvent this

identification problem.

One way is to modify the specification of the model. There are no identification
problem, for example, if we are willing to assume that the stock of physical capital enters
the technological progress lagged one period. That is, if we are willing to assume that

N N N
Ay = Qu | [ Q)7 kS, H kY HA;YE Y (see, in contrast, equation 2.4). Neither there are

i#i i#i J#i
if we argue that different arguments of the technology require different weight matrices. In

N N N
Q ke A
mathematical terms, this means assuming that A; = Q; H tal Vs H kjffv v H Aztg %9 where
JFi JFi JF

o wfj and w® denote different weight matrices (see e.g. Lee and Yu, 2016).

Wi,

These approaches, however, involve the derivation of a new model (the steady state equation
and the speed of convergence, for example, would surely be altered) and/or require additional
data to construct the weight matrices (in our empirical application, we may for example need
data on bilateral trade flows and geographical distances between the EU regions). We thus
leave these approaches for future research and concentrate here on a less demanding approach

to identification. Namely, the use of appropriate constraints on the set of parameters (Ertur

and Koch, 2007).

Equation 3.1 yields two main constraints between the parameters: 8, = —(; and 6, = —6,

(see also Ertur and Koch, 2007). Thus, by imposing these constraints in 3.1, we obtain a
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“restricted” version of our model specification that, provided that we can find an additional
constraint, is identified. This means that, if the data supports that 5, = —f; and 6, = —6s,
then 3 and In;y are identified and we only require an additional constraint to achieve the
identification of the rest of parameters. One may be willing to assume, for example, that the
impact of the own physical stock and that of the other economies in the level of technology is
the same (i.e., ¢ = 72). If that were the case, we may obtain an estimate of a and ¢ = 5 from
43, 1 and 0. However, since our assumed technology encompasses that of Lépez-Bazo et al.
(2004) and Ertur and Koch (2007), we find that it is of greater interest to constrain one of the
unidentified implied parameters to be consistent with either the model of Lopez-Bazo et al.
(2004) or that of Ertur and Koch (2007), and then obtain an estimate of the rest of implied
parameters. Thus, under the assumption that the technology assumed by Lépez-Bazo et al.
(2004) is the appropriate (i.e., ¢ = 0, we can obtain an estimate of o and 2, whereas under
the assumption that the technology assumed by Ertur and Koch (2007) is the appropriate (i.e.,
v2 = 0), we can obtain an estimate of o and ¢. Finding reasonable and statistically significant

values for these estimates may help to assess the validity of our model against these alternatives.

3.2 Estimates from EU-NUTS2 regions

We use EU NUTS2 regional data from Cambridge Econometrics to estimate the model given
by 3.1 and 3.2. The original data set covers 263 regions across 15 countries (Austria, Belgium,
Germany, Denmark, Greece, Finland, France, Ireland, Italy, the Netherlands, Norway, Portugal,
Spain, Sweden and the United Kingdom) over the period 1980 to 2015. However, for our final
sample we basically considered continental regions (Spanish, French and Italian islands, for
example, were not included) and dropped the eastern Lander and Berlin as well as the Dutch
region of Flevoland (because of missing data for the 1980s). We end up dealing with 193 regions.
As for the time dimension, we use time intervals of 5 years —see, among others, Elhorst et al.
(2010); Ho et al. (2013); Lee and Yu (2016). Our starting point is 1980 and the final year is

2015, thus resulting in 7 time periods and a balanced panel dataset.

The dependent variable is the real GDP per capita (real GDP at 2005 constant prices over
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total population, in thousands of people), s is the ratio between investment expenditures and
gross value-added (at 2005 constant prices and as a percentage), and n is the growth rate of the
working population over time (computed as in Islam 1995). As it is common in the literature
(see e.g. Mankiw et al., 1992; Islam, 1995; Ertur and Koch, 2007), we assume that § + ¢ = 0.05.
Notice also that time dummies were included to account for f;, but their coefficient estimates

are not reported to save space.
[Insert Table 1 about here]

Table 1 provide descriptive statistics of these variables for the 6 periods effectively used in
estimation (due to the inclusion of the lagged dependent variable in the model). If we compare
the reported values with those reported by Ho et al. (2013) for 26 OECD countries over the
period 1970 to 2005, we can see that most regions have a real outcome below the average of
the OECD countries (the observed differences in means are way beyond the obvious differences
that may arise due to the differences in time periods and/or measurement units). It is also
interesting to note that the savings rate seems to be larger and the growth rate of the working

population smaller in the European regions than in the OECD countries.

We estimate the model (both the unrestricted and restricted versions) using the approach
and model specifications of Lee and Yu (2016) and Miranda et al. (2017a). We use the first as
a benchmark for our basic parameters (7, 75, p, 81, B2, 61 and 0y, which, since all the variables
are in logs, can be interpreted as elasticities) and the second to obtain the whole set of estimates
(i.e., the basic ones plus those appearing in the correlation functions: ¢;, 7,1, Tu2, Ta1 and ma2);
test the restricted version of the model (i.e., testing the constraints 8; = —(y and 6; = —6s);
and estimate some of the unidentified implied parameters (using the restricted version of the
model and, when required, imposing an additional constraint). In essence, this is also how we
have organised the discussion of the results. We will start with an analysis of the estimates
of the basic and correlation functions parameters (plus p) in the unrestricted and restricted
versions of the model, then will go on with the estimates of the implied parameters, and will

conclude with a description of the geographical distribution of In Qio (the estimated “unobserved
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N
productivity” of the EU regions) and its estimated spatial spillover (¥, Z w;; In ng).
7j=1

[Insert Table 2 about here]

We report the estimates of the unrestricted version of the model in the last two columns of
Table 2. The first column was obtained using the approach and model specification of Lee and
Yu (2016), whereas the second was obtained using that Miranda et al. (2017a). Interestingly,

both sets of estimates provide essentially the same picture. First, the spatial and time lagged

N
dependent variables (Z w;;yc and y; 1, respectively) have a high and positive coefficient,
j=1
N
whereas the spatially weighted lagged dependent variable (Z w;;Yj.4—1) has a negative and
j=1

smaller coefficient (see also Ho et al., 2013; Lee and Yu, 2016). The statistical significance of
these parameters indicates that the level of GDP per capita of the European regions is largely
determined by its past GDP per capita and the current and past GDP per capita of their
neighbours. In other words, the richest areas are likely to stand rich whereas the poorest ones
can only (partially) catch up if they are geographically close to rich areas. Second, the saving
rate is not statistically significant and the growth rate of labour is only statistically significant
when using the approach of Miranda et al. (2017a). Thus, these factors may not directly
contribute to the growth of the European regions. However, the saving rate of the neighbours
does show the expected positive and statistically significant effect. Third, the (mean) growth
rate of labour and its spatial counterpart are statistically significant variables in the correlations
functions. In addition, all the variance components are statistically significant. This supports
our correlated random effects model specification. In particular, there is evidence of correlation
between the individual effects and the covariates (since m,, is statistically significant) and there

is evidence of spatial contagion in the individual effects (since 7., is statistically significant).

Our estimates of the basic parameters are largely consistent with those reported by
Pfaffermayr (2009), using an analogous sample of regions (plus Switzerland’s regions) and
an earlier period of analysis, and Andreano et al. (2017), using an analogous sample and period

of analysis. In contrast, we find some differences with those reported by Basile (2008), who
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consider an earlier period of analysis (and do not consider Norway’s regions). To be precise,
the signs of 1, B2 and 6, concur, but the statistical significance differs. Yet we find a similar

statistically significant value for p.”
[Insert Table 3 about here]

As for the estimates of the restricted version of the model, we report them in the last two
columns of Table 2. Again, we report estimates based on Lee and Yu (2016) in the first column
and estimates based on Miranda et al. (2017a) in the second. It should be noted, however, that
we only find weak evidence supporting the restricted model. Although the sum of 6; and 0, is
not statistically different from zero at standard levels (the Wald test statistic is 1.95, with a
p-value of 0.16), the sum of §; and [y (the Wald test statistic is 3.33, with a p-value of 0.07)
and the joint test (the Wald test statistic is 13.62, with a p-value of 0.00) clearly reject the
null. This may explain why the estimates of § = ; = —[(5 and 6§ = ¢, = —6, yield opposite
signs to what is usually found in the literature (Ertur and Koch, 2007; Elhorst et al., 2010).

[Insert Table 4 about here]

With this in mind, next we consider the estimated implied parameters, which are reported
in Table 4. In particular, the first block of Table 4 reports results from the unrestricted model
on those parameters that are directly identified from equation 3.1, A and 7; (results on p
have been previously discussed), whereas the second block reports these parameters but now
estimated from the restricted model, as well as one of the parameters that is only identified
in the restricted model, v3 (In Qig is analysed later). The last block of Table 4 reports results
from our identification strategy. This means that the (first) reported estimates of o and ~, were
obtained from the restricted model (i.e. imposing the constraints §; = —f, and ¢, = —60,) under
the assumption that the technology considered by Lépez-Bazo et al. (2004) is the appropriate

(i.e., under the additional assumption that ¢ = 0), whereas the (second) reported estimates of

TOur results also differ from those reported in panel data studies analysing countries rather than regions (see
e.g. Ho et al., 2013; Lee and Yu, 2016). Basically, the estimates and statistical significance of 7, 75, p and 6
are similar, but the signs of 5; and Sy are the opposite.
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a and ¢ were obtained from the restricted model under the assumption that the technology
considered by Ertur and Koch (2007) is the appropriate (i.e., under the additional assumption
that 7 = 0).

First, the estimated speed of convergence, measured by A, is around 2% and statistically
significant, which is a standard result in the literature (Barro and Sala-i-Martin, 2003; Lépez-
Bazo et al., 2004; Ertur and Koch, 2007; Lee and Yu, 2016). Second, the impact of the
(unobserved) productivity spillovers, measured by 71, is negative, statistically significant, and
more than proportional (which is implausible...NO?7?7?7). Third, these two findings remain
largely the same when the estimates are obtained from the restricted model, except perhaps
that the estimated degree of unobserved technological interdependence is closer to minus one
(the theoretical lower bound???). Fourth, the statistical significance of the degree of observed
technological interdependence, 3, contradicts the models of Islam (1995) and Lépez-Bazo et al.
(2004). As a caveat, however, its value is substantially smaller (about a half) than the one found
by Ertur and Koch (2007) and Elhorst et al. (2010). Fifth, the estimated parameters obtained
by imposing an additional constraint as an identification strategy are generally not statistically
significant (and the one that is, « yields values outside the theoretical bounds). It is therefore
not possible to determine which technology, that of Lépez-Bazo et al. (2004) or that of Ertur
and Koch (2007) fits the data better.

All in all, these results point to the the existence of spatial spillovers in the unobserved
productivity and the level of technology. In contrast, there is no sign of the capital externalities
found by either Lépez-Bazo et al. (2004) or Ertur and Koch (2007). Also, our estimates support
our model specification against that of Islam (1995) and Lépez-Bazo et al. (2004). On the other
hand, estimates obtained from the simple identification strategy we devised do not allow us to
discriminate between the technology assumed by Lépez-Bazo et al. (2004) and that assumed

by Ertur and Koch (2007).
[Insert Figure 1 about here]

To conclude our empirical analysis, we report the geographical distribution of the estimated

“unobserved productivity” and its spatial spillover (to reiterate, obtained from the restricted
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model) in Figure 1. In particular, Figure 1 presents a map of the European regions considered

and the values of these statistics grouped by quantiles: Figure 1a reports In Qio (the “unobserved
N

productivity”) whereas Figure 1b reports 4y Zwiﬂ' In Qjo (the spatial spillover of the the
j=1
“unobserved productivity”, that is, the impact on the GDP per capita of unit ¢ of all the

units neighbouring ¢ having their “unobserved productivity”).

Results indicate that the regions with the lowest estimated “unobserved productivity” are
mostly located in Scandinavia (Finland and Sweden, but also the North of Norway), Denmark,
Scotland, Northern Ireland, Central-East of France, Austria, and the South-West (Portugal
and Spain) and South-East (South of Italy and Greece) of Europe. Figure la also shows that
the geographical distribution of the higher estimated “unobserved productivity” largely follows
the so-called “blue banana” (from the South West of the UK to the South-West of Germany,
thus covering the North of France and the Benelux), plus the Mediterranean regions of the
South-West of France and the North of Italy. It is also worth noting the high values found in

the Southern areas of Ireland and Norway.

Most of the regions in the high productivity group can be qualified as “rich”, meaning here
that their average GDP per capita over the period is in the upper quantile of the distribution.
On the other hand, the same criterion would lead us to qualify most of the regions with low
estimated productivities as “poor”. Thus, it seems that richer/poorer regions tend to have
higher /lower (unobserved) productivities. Notice, however, that the marginal effect of In {2,y on

the GDP per capita also depends on the values of (I — pW)™', 7, and 7,W (Debarsy, 2012).

As for the spillovers associated with the “unobserved productivity”, Figure 1b reveals that
the pattern tends to reverse mirror the one found for the estimated “unobserved productivity”.
This is expected given the negative and statistically significant estimate found for 4;. Largest
values are found in the Northern regions (i.e., Ireland, the UK Midlands, Scandinavia and
Denmark), but also in the East (i.e., Austria) and South (Portugal, Center and West of Spain,
South of Italy and Greece). This means that these are (mostly rich) regions whose output per
capita is more impacted by the “unobserved productivity” of its neighbours. South of England

and Norway, East Germany, the South-East of France, North-East of Spain and the North
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of Italy, on the other hand, stand as the areas with the lowest spillovers. This means that
these are regions whose ouput per capita is barely affected by the “unobserved productivity”
of its neighbours. Since these are generally regions with low levels of GDP per capita and
“unobserved productivity”, our results indicate that poor regions are unlikely to increase their

wealth via spillovers effects (unless these originate from the saving rates).

4 Conclusions

We present a growth model that extends previous knowledge-spillovers models in several
directions. First, we do not assume a common exogenous technological progress but account
for heterogeneity in the initial level of technology. Second, we assume that the technological
progress depends not only on the stock of physical capital and the stock of knowledge of the
other economies, but also on the physical capital and the (unobserved) initial level of technology
of the other economies. Thus, our assumed technology combines the alternative sources of
spatial externalities considered in previous models of relative location with the unobserved

heterogeneity that characterises previous models of absolute location.

We use EU-NUTS2 regional information from Cambridge Econometrics to test whether
the data supports the main features of our growth model. In particular, our econometric
specification is derived from the growth-initial equation of the model and takes the form of a
spatial Durbin dynamic panel model with spatially weighted individual effects. As a downside,
some of the implied parameters of the model are not identified. However, we discuss alternative

ways to circumvent this limitation.

We estimate the model by QML using a correlated random effects specification for the
individual effects and their spatial spillovers. Results support our model specification. In
particular, we find evidence of the existence of spatial spillovers arising from the level of
technology, but not from the investment in capital. Also, our estimates indicate that the level of
GDP per capita of the European regions is largely determined by its past GDP per capita and
the current and past GDP per capita of their neighbours. Further, richest areas (e.g., the “blue
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banana”) are likely to stand rich because of their higher “unobserved productivity” and/or
higher spillovers in the “unobserved productivity”. Thus, poor regions can only (partially)
catch up if they are geographically close to rich areas whose “unobserved productivity” spills

over the neighbouring regions.

24



Table 1: Descriptive statistics.

Variable Mean SD Min P25 Median P75 Max

GDP 24,205 9,594 5,846 18,159 22,890 28,058 97,112
s 23.80 4.82 896 2094 23.53  26.10 46.30
n+d+g 0.06 0.01 0.02 0.05 0.06 0.06 0.10

Note: Number of observations = 193 x 6 = 1,158. GDP is real GDP
(at 2005 constant prices, in Euros) per capita (using total population, in
thousands of people). s is the ratio between investment expenditures and
gross value-added (as a percentage and at 2005 constant prices, in Euros).
n is is the working-age population growth rate (computed as in Islam 1995)
and § + g = 0.05 (as in e.g. Mankiw et al., 1992; Islam, 1995; Ertur and
Koch, 2007).
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Table 2: QML estimates.

Variable Parameter Estimates I Estimates I1
Vit 7, 0.7402*** 0.8850***
(0.0210) (0.0178)
i . B —0.3697*  —0.4568"*
< i1 72 (0.0400) (0.0291)
i . 0.5147* 0.5644***
< it p (0.0349) (0.0290)
In s; 8 0.0104 —0.0084
(0.0142) (0.0131)
(0.0132) (0.0144)
i S ; 0.0146*** 0.0450**
Y a ! (0.0196) (0.0177)
N
—0.0279 —0.0110
In(ng, +6 )
; wiy n(ngi 49 4 9) 2 (0.0178) (0.0192)
In s T —0.0316
(0.0241)
In(nj;+4d+g) Ty 0.0731**
(0.0335)
N
S s _ —0.0011
(¥ J aq
p (0.0359)
N
—0.0982**
j; wijln(nﬁ + 5 =+ g) Tag (OO485)

Variance Components

2
oy O O pa o

0.0005**  0.0007** —0.0004* 0.0018"**
(0.0001)  (0.0003)  (0.0002)  (0.0001)

Note: Estimates I and II were obtained using the methods proposed
by Lee and Yu (2016) and Miranda et al. (2017a), respectively. The
dependent variable is log(GDP). We denote the time-mean of a
variable with an upper bar. Time dummies included but not reported.
* indicates statistically significant at the 10% level, ** at the 5% level
and *** at the 1% level.
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Table 3: QML estimates (Restricted model).

Variable Parameter Estimates III Estimates IV
Yit—1 Y1 0.7371** 0.8828***
(0.0208) (0.0183)
al B C0.3650"*  —(.4742
; il 72 (0.0400) (0.0285)
al 0.5154*** 0.5894***
; Wit p (0.0349) (0.0269)
Sit . —0.0049 —0.0240%*
(nit +0+ g) & (0.0100) (0.0100)
i - ( Sit ) ”- 0.0208*** 0.0285
7 \natity (0.0144) (0.0139)
In ( Sit > - —0.0405*
it 5+g & (0.0218)
S o ( Sit ) - 0.0421
—~ 7 \nitdtyg “ (0.0300)

Variance Components

o o O pa o2

0.0005"*  0.0008"* —0.0005" 0.0018"**
(0.0002) (0.0003)  (0.0002)  (0.0001)

Note: We denote with the upper letter ¢ the constrained parameters. In
particular, 8 = 81 = —(2 and 6 = #; = —05. Estimates III and IV were
obtained using the methods proposed by Lee and Yu (2016) and Miranda
et al. (2017a), respectively. The dependent variable is log(GDP). We
denote the time-mean of a variable with an upper bar. Time dummies
included but not reported. * indicates statistically significant at the 10%
level, ** at the 5% level and *** at the 1% level.
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Table 4: Implied Parameters

Unrestricted model
A Y1

0.0244™*  —1.5617"
(0.0040)  (0.0030)

Restricted model
A T 73

0.0244™*  —1.1997"*  0.4355"*
(0.0040)  (0.0004)  (0.1415)

Assumed technology « Y2 ¢

—0.2575*  0.1937
(0.1445)  (0.1779)

—0.7024 0.4448
(0.6223) (0.5512)

Lépez-Bazo et al. (2004)

Ertur and Koch (2007)

Note: Results for the “Unrestricted model” were obtained using
the estimates reported in Table 2 (“Estimates I1”), whereas
results for the “Restricted model” were obtained using the
estimates reported in Table 3 (“Estimates IV”). Except for
71 (OLS estimate from a linear regression without constant),
standard errors were obtained using the delta method. *
indicates statistically significant at the 10% level, ** at the 5%
level and *** at the 1% level.
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Figure 1: Estimated individual effects and their spatial spillovers.

(a) Geographical distribution of Ino.

Quantiles
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(b) Geographical distribution of 4; Z wjj In Qjo.
j=1

Quantiles
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[2.755,2.886]
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A The balanced growth rate

From equation 2.6:

N N
(73+71)(Uz‘z‘—04—¢)>] (v3+ M)
t (673 +2) t ¢73+72; e t ; S

Since In Q;; = In Qo + pt, then:

dlny; [ ((73+71)(Uii—06—¢))] 73—1-71
= |14+ g Uij b + Ui g E Us
dt (73 +72) s+ 72 A i 9

O+ 72
1—737

N
Also, using u;; + Z Ujj = Z U = o+

J#i =1

dinye (1 (stw)late)  (+mn) <O‘(1—73)+¢+72)> g —
dt _(1 (¢y3 +72) +(¢73+72) 1— lH-Zuwg—g

which after some algebra becomes:

I4+m a(l —v3) + o+ 7 _
o+ g=9g
I—m3 I—3

Therefore,

p(l+m)
(I-—m)l-—a)—d—7

g:
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B Taylor approximation to the marginal productivity of

capital

ki .
The Taylor approximation of —~ around the steady state (Klpy - k) 1s
it

=ty (| (kg —Inkg)

kit B k;t et Oln /fjt
k;‘t
0 (klt/kzt) N | O (kzt/kzt)
_ Ink; — Ink? 7 (lnk;—Ink'
g+ alnkit (nkt nkzt)—{—; 8lnkjt (nkﬂt 1 Jt)
k k;

it Jt

Next we calculate the two derivatives involved. First, let us rewrite the marginal

productivity of capital (see footnote 6) as

N
Cij _
szl H Q je wi;—1) In ki H Wi Inkj; _ (nz + 5)
j#i J#

Wlth k;l;i_l _ e(uiifl) lnk‘it, Cii = 1 4 ((73 + ’Yl)(um — o — ¢)> and Cij — w Thus’
(¢73 +72) Y3 + 72

0 (kzt/kzt) N
= 3. Qfgz H QCIJ U” (uii—l)ln kit H euij lnkjt

O0ln kit i oz
ki
Also, given that s; Jir | _ n; +0) — g = 0, replacing y;, by 2.6 at the steady state we obtain
k* 1t
it
500 H Q5 H K51 = (ng 46 + g) ki (B.1)
J#i J#i
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Consequently,

) <k;t /kit)

= (us —1)(n; +6 +g)

Oln kit
K
N
* N *
Lastly, bearing in mind that H eUid MRSy — o2 tig MKy
J#i
( zt/kzt)
o, | =t H Q5 e My = ugj(ni + 6 + g)
7t JFi
K

Therefore:

ki dlnk(t) al
_klz = —dtl =g+ (uy —1)(ni +9+g) (Inky — Ink!) + E wij(ni + 8+ g) (ln kj —In k:]*t)
‘ j#i

C Speed of convergence

Let us take the total derivative of 2.6:

dln y; _ {1—1— ((71+72)(uu- —a—qﬁ))} dlnQ; N (v3+7) iuwdlnﬁjt
dt O3+ 72 dt O3+ 7o T dt

N
d hl kfzt Z uz] dln kjt
J#i
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Given that i L= i 7t — 1, we concentrate on the derivatives with respect to k. To this

end, let us consider the final result of appendix B:

N
dInk; * :
= g+ (i — D)y + 6+ g) (nky = k) + D uig(n + 5+ g) (nkye — Ink,)
J#i

=g—(ni+6+9g) (Inky —Ink}) +uu(n, + 5+ g) (Inky — In k)

N
+ Z uw(nz + 0 + g) (hl kjt —1In k;kt)
J#

Then, using equation 2.6

(71 + 72) (Wi — a0 — @) (15 +7) & l
gy = |14 (LT 2ATE 72 )}m@i +L§ g In Qe+ ug In ki + Y ugInk;
vt [ ( Oy3 + 2 ! O3 + Yo P / ot ! por / 7t

and its value at the steady state

N N
(71+72)(Uii—04—¢))] (3 +m)
Iny;, = 1—|—( InQyy + ———= wi; In Qe + wi Inkf, + wi; Ink:
o [ 075+ 72 t ¢73+72; e t ; 7

we obtain
N
Iny, —Iny, = uy(Ink; —Ink},) + Z uii(Inkjr — In k7, (C.1)
J#
Therefore,

dlnk;
dt

=g—(ni+d+g)(Inky —Ink}) + (n;i + 0+ g)(Iny; — Iny})
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Plugging the previous result into the total derivative of 2.6:

dlnyy (71 +72) (uis — o — @) (v3+ M) a

O3+ 7o O3+ 7o o

+ i (9 — (ni + 0+ g) (Inky(t) —nk7) + (n; + 0+ g)(Iny; — Iny;))

+ ZUU —(n; +0+g) (lnkj(t) — 1nk‘}‘) +(n;+0+g)(lny; — lny}-‘))
JFi
(71+72)(Un‘—04—¢)>} 73+71
= |1+ g+ Ui g + i
{ ( oys + 72 D13+ 7 ;uw Hiid ;uﬂg

N
— (uu(m +049) (ki — k) + > wij(nj + 0+ g)) (Inkjy — In kﬁ))
j#i

N
+ (u“(nl +0649) (Inyse —Iny) + Y wii(n; +6+g)) (Iny; —In y}))
i

The first term in the previous expression corresponds to the balanced growth rate g (see
appendix A). As for the second term, let us assume that, for each economy i, there exists

A; such that:

N N
Z Uyj (nj + g + (5) (hl kjt —In k;t) = A,L (u”(ln kit —In kz*t) + Z Uy (ln kjt —In k;t))
j=1 JF#i
Thus,
dIny; al
— L —g— A (uii(ln ki —Ink}) + 3 wg(Ink; —In k;;t)>
J#
N
+ui(ni + 0+ g) (Inyse —Inys) + > uig(ng + 6+ g) (Iny; — Iny},)
J#i
N
=g—AN(Inyy —Iny,) +uu(n, +5+g) (Iny; —Iny,) + Z wij(n; +6+g) (ln Yt —In yj*t)
J#i

where the second expression is obtained by using C'.1.

Finally, from the first hypothesis in 2.11 we have that (Iny; — Iny},) @ = Iny; — Inyj,.
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This allows us to obtain the speed of convergence to the steady state:

N

dln i — *

dtyt =g- (Ai —wig(ns + 6+ g) = > uii(n; + 6+ 9)6; 1) (Iny; —Iny;)
J#i

=g— A\ (lnyy —Iny})

What is left is to derive the expressions defining A; and \;. First, by plugging the second
hypothesis in 2.11, (Ink;y —Inkj,) @' = Inkj, — Ink;

71> into our assumption on the existence of
Aii

N N

Z Uyj (nj + g + 5) (ln kjt —In k‘;t) = Az (uu(ln kit —In k’;kt) + Z Uyqj (ln kjt —In k’;kt))
j=1 J#i

N N

j=1 j=1

N N

j=1 j=1

> g (ny + g+ 0)

ZN WL
j=1 % 3,

N

Second, plugging the previous result into A\; = A; — u(n; + 6 + g) — Z wij(n; +6 + g)@j_1 and
J#

assuming that ©; ' = 1:

N
JF#i

N

j=1
ST ua(ny+g+98) N 1

>\z' — I~ J — uij(nj + 1) + g)—
Z;V:I Umq.% ]ZI 9
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D Differential equation solution

We start by noticing that the steady state in 2.9 can be written as

Iny;, = — _¢Zzprw an]t+ (bZZpTwTH In 2,

j=1 r=0 j=1 r=0

a+ o 7) S; Y2 — Qs (r+1) Sj
7 1 I
+(1—oz )Zpr n(n +5—|—g)+1—a Zz,ow (nj+5—|—g

7j=1 r=0 =1 r=0
— dIny} 1 1
with p = 2T Using this, we can see that DY _ (L4 71)n , since
l—a—-29¢ dt l—a—9\1—0p
1 l—a—09

, then

T e

dlny;.“ti 1 1 - 1 -
dt _(1—a—¢> <1—p>“+(1_a_¢)(1_p)“_g (D.1)

Notice that D.1 can be seen as another differential equation, which have a particular solution

on Iny;y:

Inyj, = gt + Inyj, (D.2)

Plugging equation D.2 and 2.12 we obtain:

d1ny;
dt

=g— N (Iny;e — gt —Iny) (D.3)

We use the integrating factor method to solve the differential equation in D.3. We first reorder

terms and then multiply the equation by the integrating factor el Mt — Ait 15 obtain
d , . . «
% (e’\’t In yit) = e)‘ltg + )\ie)‘lt (gt + In ?Jio)

By integrating on both sides, we obtain the general solution:

Iny; = gt + Inyjy + Ce it
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Ait1

The particular solution for ¢ = ¢; implies that C' = (Iny;, — gt1 — Iny}) e***. Thus, for any ¢

we have:

Iny;:; =9 (t — tle_’\i(t_tl)) +In yitle_’\i(t_tl) +(1- e_’\i(t_tl)) In v,
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